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Abstract

We analyze the spectra of generalized Fibonacci and Fibonacci-like operators in
Banach space I'. Some of the results have application in population dynamics.
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1 Introduction and preliminaries

Let I* denote the Banach space of all real sequences z = (1, 29, x3, - - - ) such that ||z|; &

3 |wx| < co. Let H : ' — I! be a linear operator on I'. The resolvent set of H, p(H) is
the set of all complex numbers A such that the operator AI — H has a bounded inverse,
where I : [ — I' is the identity operator. The set o(H) & C\ p(H) is the spectrum
of H. The spectrum is further subdivided into three mutually disjoint parts, the point
spectrum o,(H), the continuous spectrum o.(H) and the residual spectrum o,(H). The
point spectrum is the set of all A € C such that Al — H has no inverse. As in the finite
dimensional case, such A are also called eigenvalues and the corresponding non-zero vectors
x € I}, such that (M — H)x = 0 are called eigenvectors. The continuous spectrum is the
set of all A not in p(H) or o,(H) for which the range of A\ — H is dense in I!. The residual
spectrum is the set of all A in o(H) which are not in 0,,(H) or o.(H). The spectral radius
of H is

ro(H) ™ sup |2, (1)

A€o (H)

The operator H has a matrix representation H in the standard basis e;, = d;, where 6,
is the Kronecker symbol.

We shall also use two standard results: first, if the operator H is bounded or closed and
has a matrix representation H, then the transpose matrix H' is the matrix representation
of the operator H' : [* — [*° and (see e.g. [TaLa80], [Gol66, Corollary I1.5.3] or [Hal55,
Theorems 3.2 and 3.3])

Up(Ht) Cop(H)Uor(H), op(H)C Up(Ht)- (2)
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Second, if H is bounded, then (see for example [TaLa80, (3-5)])
. 1/k
ro(H) = lim |[H¥[}/". (3)

Our aim is to classify spectra of two classes of generalized Fibonacci and Fibonacci-
like operators. For the first class of operators their spectral radii are expressed in terms
of largest real positive roots of certain polynomials and the coefficients of their powers
behave like generalized Fibonacci sequences, as we shall see in section 2.

The second class of operators, which also has applications in mathematical biology, is
analyzed in a similar manner in section 3.

2 Generalized Fibonacci operators

Let the linear operator F}, : I' — ! be defined by

o0
(x17x27x37'”)_><z wk7xlax2ax37”'>7 n:1a2737"' (4)

k=n+1

Each F;, is bounded and its matrix representation in the standard basis is

n

—_
o
)
ja)
o
o
ja)
o
o

Following the analysis of the spectrum of F; by Halberg [Hal55], the spectrum of F),
is classified in several steps which are summarized as follows:

1. first, by solving the equation
(M —F,)xz=0, z#0, (6)
we show that the point spectrum is
op(Fp) ={AeC: A" A" —1=0, |\ >1}, (7)
2. second, by solving the equation
N —-F,)x=y, x#0, (8)

we compute the inverse (Al — F,,)~! and show that the resolvent set consists of all
A such that [A| > 1 which are not in o, (F},), that is,

p(Fn) ={AeC: |\ >1, A" — A" —1+£0}, (9)



3. third, we analyze the transposed operator F. and show that
op(FHYy={AeC: |\ <1, \#1}, (10)
which, together with (2), implies that the residual spectrum of F,, is

or(F)={AeC: A <1, A#£1} (11)

4. Finally, since the spectrum of F}, is closed, is also contains the point A = 1. Since
this point is neither in the point spectrum nor in the residual spectrum, it must be
in the continuous spectrum, that is

We proceed with the detailed analysis of each step.
Step 1. The equation (6) can be written as

0=AT1 —Xpt1 — Tpi2 — Tpysz — -+,

r1 = )\IL’Q,
T2 = )\.’133,

(13)
T = ATg1,

Since A = 0 implies = 0, zero is not an element of o,(F;,). If X # 0, by applying (13)
recursively, we have

1 1 1 1

Thil = Y Tk = 5 Th-1 = 33 Th-2 = " = (p T, k>1. (14)
Thus .
x:xl(l % % /le ) (15)
and 1
ol = b1 3 1y (16)

If |A| <1, then ||z]|; = o0, so x ¢ I, If |[A| > 1, then ||z||; = |z1||A|/(JA] — 1). Inserting
(14) into the first equality of (13) gives

0=AT1 —Tpy1 — Tpy2 — Tpg3 — -
1 1 1

:)‘xl_ﬁxl_)\n+1x1_)\n+2$1_"'

I N TR S
- AP NS VEIDE

AL\ — ]
AN =1)



Since x1 # 0, we conclude that o,(F;,) consists of those roots of the polynomial
Popi(N) E AL A g (17)

for which || > 1, as stated in (7).

Since ppy1(1) = =1 < 0 and p;, (X)) > 0 for A € R, A > 1, that is, p,y1 is strictly
increasing for A > 1, we conclude that F}, has exactly one real eigenvalue larger than one.
Let us denote this eigenvalue by Amax(Fy). By Ostrovsky’s theorem [Pra04, Theorem
1.1.4, p. 3], Amax(Fy) is the unique positive root of p,+1(A) and the absolute values of all
other roots are strictly smaller. Consequently, all other eigenvalues of F;, are in absolute
value strictly smaller than A\pax(F),) which, in turn, implies

TU(FTL) = Amax(Fn)- (18)

Figure 1 shows o,(F),) for various values of n.
Step 2. The equation (8) can be written as

Y1 = AT1 — Tpt1 — Tpt2 — Tpt3 —

1
T2 = 3 (x1 + yz),

1

T3 =5 (w2 +y3), (19)

1
Thtl = 3 (Tk + Yrt1),

By setting
[ee) [ee]
i= S e v= >
k=n-+1 k=n-+1
and using (19), we have
+lust A
U= —Tp+—-u+-0v = A\x1 — u.
N Ty P n 1
After rearranging, we have
1
u = A_l(xn—kv).
Thus,
1
Y1 = Az — ﬁ(xn +0). (20)

!These roots are the eigenvalues and the vectors x defined by (15) are the corresponding eigenvectors.
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Figure 1: The point spectra o,(F},) for various values of n.
By recursively applying (19), we have
1
T2 = X (xl + y2)7
1 (2 + y3) 1 N 1 . 1
x3=—(x =0+
3= @2tys) = Fo1+ 150
1 1 1 01
Th+1 = X($k+yk+1) = ﬁl“lJr Vszr W?J?ﬂr WMJFMJFX%H’ (21)

Inserting z,, into (20) gives

1 1 1 1 1
ylefUl_ﬁ )\n71$1+wy2+myi’,+"'+xyn+v )



and solving for x; gives

1

SR

P R )]

By inserting this into (21) we have

1

z=(\—F,) ly= N o

(A+B)y

where the matrix representations of A and B are given by?

()\ _ 1))\7171 1 A )\2 A3 . Aan )\nfl )\nfl
()\ _ 1))\71—2 % 1 A )\2 . )\n—3 )\n—? )\n—2
A= (>‘ - ))‘ A —2 )\7}—3 )\n174 % 1 A A s
()‘ - 1) )\nlfl )\n172 )\nlfzs % % 1 1
O-nl LN 1 U U S
A AT An—=1  \n-=2 A3 A2 A A
and
0O 0 0 0 O
0+ 0 00
0 5% 5 x 0

respectively. Obviously, for |A| > 1 we have ||A|; < oo and ||B||; < co. Thus, for [A| > 1
and ) not being the root of A"t — A" — 1, the operator AI — F}, has a bounded inverse,
so the resolvent set of F, is given by (9).

Step 3. The point spectrum of the transposed operator F! consists of all A € R such
that

(M - FY)x =0, x#0, ||z < o0.

This is equivalent to

To = Axq,

r3 = )\3}2 = )\21‘1,

Tn+1 = Axn = )\nwh
1
Tp+2 = /\.%'n+1 — 1 = ()\n—i- — 1) 1,

Tn+3 = )\l‘n+2 — X1 = ()\n+2 — A= 1) T,

- ()\k*l _ )\k*'ﬂ*? o )\k'fnf3 R 1) 1,

2Next row of A is obtained by dividing the previous row by .



Therefore,

)\k’—n—l —1
Tk = ()\kl — )\—]_> xIq.

For |[A| <1, A # 1 we have
2
<|1l4+ —-
ol < (14 152 bl

which implies ||z]|o < co. For A =1 we have

T2 = a1,

r3 =y,
Tp4+1 = T1,
Tpyo =0,
Tn43 = —T1,
Tn+d = —227,

xp=—(k—n—2)x,

50 ||z]|oo = 00. We conclude that the point spectrum of F! is given by (10). This, in turn,
implies (11) and (12) as described before.

2.1 Relationship to generalized Fibonacci sequences

In this section we describe the relationship between operators F;, and generalized Fibonacci
sequences. A generalized Fibonacci sequence { f (")} is defined by

For n = 1 this definition yields the classical Fibonacci sequence

=1 fo=1, fi=fr-1+ fr2, k>2 (23)



By induction we can prove that the k-th power of the matrix F,, from (5) for £ > n has
the form

S R B
fk;—n—l fk—n fk—n+1 T fk—2 fk—l f fk—l

I I C RO SO L)

0 1 1 1 1 1 1

Fr — 0 0 1 1 1 1 1
0 0 0 0 1 1 1

1 0 0 0 0 0 0

0 1 0 0 0 0 0

0 0 1 0 0 0 0

We conclude that

k
IFE =1+ £, (24)
i=1
By applying (22) to the terms in parentheses we have
k
23 = H e B (P S 1)+ A
i=1

+ (B 1 )+fk") +f(")n+1 ot
:f(”)_|_f(”) I AR

+ B+ R R e+ Y

k
=S B B A B B Y

=1

From this, by applying (22) again recursively, we obtain

Zf“” B A R e+ £+ 1 -

= £ n+1+-~+f,£ +FY -1

(
kn)n+2 +ot fk + fk+2

= fk+n+1 - L

Inserting this into (24) gives

k
1 = +n+1



and from (18) it follows that

. n 1/k
klinéo (flg+)n+1) * = Amax (Fn)-

Also, by using standard techniques in analyzing linear recurrence relations with constant
coefficients, we can prove that for all 7,5 3

7[ kn] Y = lim fnz:b_)l = )\max(Fn).
k—o00 [Fn]i-i-l,j m—oo ¢l

For example, by setting n = 1 we have for the Fibonacci sequence (23)

1++5
2 )

kllrﬁo(fm)”k =re(F1) =

I fir1  1+5
im —/— = .
k—oo fk 2

3 Fibonacci-like operators

Now we would like to consider the family of linear operators I',, : [* — [! defined by

o0

(ZL‘171327~T3’"‘)—><P Z (k—n)$k,l’1,l'2,$3,“'>, n:1a2a3a"' (26)

k=n+1
- oo} |

for some real positive p. The domain of I, is

o0

> (k=n)ay

Dom T, = {xell:
k=n-+1

and its matrix representation in the standard basis is

n

—_—
00 --- 0 p 20 3p 4p bHp
10 0 00 O O O O
10 00 O O 0 O
r,= (27)

However, the operator '}, is not closed as illustrated by the following example.

3The proof is derived using the fact that fl<") has the form fl<") = aMpax(Fn) + 307, aiMl, where
Amax(Fr) and \; are the roots of the characteristic polynomial (17), and |Amax(Fn)| > |Ai]-



Example 1 Let us define the sequence {z(™} of vectors in I' by

m+n—1

Then

while

I‘nx(m):(p 0 --- 0 0 ...)t_>(p 0, 0 )t

1
m

Although the point spectrum of I';,, is defined and can be computed in a standard
manner (see later), the resolvent set of '), is empty, which makes the analysis of '), less
interesting. Instead, we shall consider the family of operators Gy, : I; — {1 formally defined
by

Gn = DnPnD;17

where
n

D, = dlag(L--- ,1,p72p,3p’4p,...).
That is, for n € N the operator G,, is defined by

> 3 4 5
(.%'1,.%'2,.%'3,"')—> Z Ly L1, T2, "+ 7xn—17pxn72xn+luixn+27§xn+3uzxn+4;”' 5
k=n+1

and its matrix representation in the standard basis is

n

——
00 -- 01111 1
1 0
01 00 00 O
Gn= |0 o p 0000 0 (28)
00 02000 0
00 003200 0
00 0003 0 0
00 0000 2 0
Let us define the polynomial g, 1(\) by
Gni1(A) = XL —2A" A —p, (29)

Similarly as in section 2, the spectrum of G, is classified in four steps as follows:

10



1. first, by solving the equation
M—-Gp)z=0, x#0, (30)
we show that the point spectrum is

0p(Gn) ={NECT: gui1(\) =0, [\ > 1}, n>2. (31)

2. second, by solving the equation
()‘I - Gn) r=y, z#0, (32)

we can compute the inverse (A — G,,)~! and show that the resolvent set consists of
all A such that |A| > 1 which are not in 0,(Gy),

p(Gn) ={A e C: [A[>1, A ¢ ap(Gn)}, (33)

3. third, by analyzing the transposed operator GY, we can show that
op(GL)={AeC: |\ <1, X #1]}, (34)
which, together with (2), implies that the residual spectrum of G, is

or(Gp)={AeC: |\ <1, A #1}. (35)

4. Finally, since the spectrum of G, is closed, is also contains the point A = 1. Since
this point is neither in the point spectrum nor in the residual spectrum, it must be
in the continuous spectrum, that is

UC(Gn) = {1} (36)

The proofs are similar to the ones from section 2, but more tedious. We present only the
proof of Step 1 which is also relevant for the application described in Example 2.
Step 1. The equation (30) can be written as

0=A21 —Tpt1 — Tpg2 — Tpisz — -+, (37)
xk‘:)\l‘k—‘rlv k:]-)"'7n_17
pxn:)\xn-l—h
k— 1
%mk:)\wkﬂ, k=n+1,n+2,---.
-n

Since A = 0 implies z = 0, zero is not an element of 0,(Gy). If A # 0, by applying (37)
recursively, we obtain

1
xkzﬁxlu k:2)3)"'7n7
k—n

1Details of the omitted proofs of Steps 2 and 3 can be obtained from the author.

11



This, in turn, implies

_ 1 1 1 P 2p 3p (k—n)p t
xfxl(l Y o ST m wdT ez e =1 )’

so that

1—(3)" 2 3
= A L P D)),
[E4IFt \xl\( -1 +An( tytato)

If |A| <1, then ||z]l1 = oo, so z ¢ I'. If |\| > 1, then, by using differentiation of the
geometric series, we have

2|l = |a1] L+£/\72 < 00
PEI-TO—) Tar (v—1)2 ’

thus, x € I!. By inserting (38) into the first equality of (37) and using differentiation of
the geometric series we have

1 2 3
O0=Ax1—0p Anw1+)\n+1x1+)\n+2x1+--~

3 4

Finally, solving this equation with z; # 0 gives (31).

We shall now prove that 0,(G,,) consists of Apmax(Gr), a unique simple real eigenvalue
larger than one and all other eigenvalues have modulus smaller than Apax(Gy). This also
implies

ra(Gn) = )\max(Gn)- (39)
The proof is based on the ideas from the proof of [Pra04, Theorem 1.1.4, pp. 3-4]. Indeed,
if n = 1 then the roots of g2(\) are 1 £ ,/p and the statement holds. For n > 2 we have

i1 (V) = AT A= 1) —p, (40)
dopr (V) = A" 2[(n + 1A = 2nA + (n — 1)]. (41)
Since gn11(1) = —p < 0 and ¢}, .1 (A) > 0 for A € R,\ > 1, that is, g,41(A) is strictly
increasing for A > 1, we conclude that ¢,4+1(\) has exactly one real root larger than one
or, equivalently, that G,, has exactly one real eigenvalue larger than one. Let us denote

this eigenvalue by Apax(Grp). Let z # Apax(Gr) be some other real or complex eigenvalue
of G,, and let ¢ = |z| > 1. Since z is also the root of ¢,+1(A), the relation (40) implies

Zn_l(z - 1)2 =P

which, in turn, implies
2"z =117 = p. (42)

Since ¢ > 1, this implies

Cnil(c - 1)2 < P

12



or
n+1(Q) =¢"THC-1)? = p 0. (43)

Since ¢p+1(A) is strictly increasing for A > 1, and ¢n41(Amax(Gr)) = 0, we conclude that
¢ < Amax(Gr) and that the equality in (43) holds only if ¢ = Apax(Gr). But, the equality
in (43) and (42) imply

2 =1 =¢-1,

that is, z € R and z = £ = £Anax(Gp). The choice z = —Apax(Gy) is impossible since
Gn+1(—Amax(Gn)) # 0, and the second choice contradicts the assumption z # Apax(Gr).
Therefore, ¢ < Amax(Gr) as desired.

Remark 1 Although the above analysis is sufficient for our purposes, by inspecting the
polynomial g,+1(A) and its derivative from (40) and (41), respectively, we can establish
further facts about its roots. From (41) we see that the derivative ¢;,,,(\) has exactly
two real positive simple roots A| = Z—j& and Ay = 1 and, if n > 2, also the root A\ = 0. If
n > 3 then \g is multiple. Let pg = 4\}7™*/(n + 1)2. The number of real roots of g,1()\)
in the open interval (0, Apmax(Gr)) is governed by p as follows: if p > pg, then there are no
such roots, if p = pg there is exactly one root equal to A1 and if p < py there are exactly
two roots, one smaller and one larger than A;. Finally, if n is odd, then ¢,+1(\) also has
a simple negative real root. As we have already proved, Ayax(Gp) is the root with strictly

maximal absolute value.

Remark 2 It is easy to see that the point spectrum of I',, from (26) and (27) is equal to
the point spectrum of G,,.

Example 2 The lesion forming plant pathogen potato late blight (phytophthora infes-
tans) grows radially on a leaf with a constant daily rate. The latency period for a lesion
to become infectious is five days, and the sporulating area is infectious for one day. In
[PSVO05] the epidemic spread of such pathogen is modeled with the infinite dimensional
Leslie matrix of the form of I's as defined in (27). Further, the upper bound for the
speed of invasion in computed via minimization of the largest eigenvalue Apax(I's5(s)).
From Remark 2 it follows that this eigenvalue is the largest unique positive root of gg(\)
from (29). Here the parameter p has the form p(s) = const x M(s) where M (s) is some
moment-generating function (for example, M(s) = exp(c?s%/2) for the Gaussian kernel
or M(s) =1/(1 — 02s?) for the Laplace kernel). Here I'5(s) appears naturally due to the
fact that the considered pathogen has a latency period of five days. It is interesting that
Amax(I'5(8)) can be computed analytically:

pon(T) = L4 91/3 .\ (2+27/p+ /108 /5 + 729p) /*
max\15) = 5 .
3 3(2427p+ /1085 +729p)/° 3.21/3

The speed of invasion is bounded by

1
v* = min - In [Apax(T5(9))],
0<s<s 8

where § is the maximum s for which M (s) is defined. For details about a rather complex
derivation of this model we refer the reader to [PSV05].
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