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Relative perturbation of invariant subspaces®

NINOSLAV TRUHAR'AND IVAN SLAPNICAR?

Abstract. In this paper we consider the upper bound for the sine of
the greatest canonical angle between the original invariant subspace and
its perturbation. We present our recent results which generalize some of
the results from the relative perturbation theory of indefinite Hermitian
matrices.

Key words: perturbation bound, invariant subspace, relative pertur-
bations, indefinite Hermitian matriz

Sazetak. Relativna perturbacija invarijantnih potprostora.
U ovom radu analiziramo gornje ograde za sinus najveceq kanonskog
kuta izmedu originalnog invarijantnog potprostora i njegove perturbacije.
Prikazat éemo nase posljednje rezultate koji generaliziraju neke rezultate
iz relativene perturbacijske teorije indefinitnih hermitskih matrica.

Kljuéne rijeéi: perturbacijska ograda, invarijantni potprostor, rela-
tivne perturbacije, indefinitna hermitska matrica

This paper contains the lecture which is a natural continuation of the last lec-
ture presented at the Mathematical Colloquium in Osijek in the winter semester
1995/1996. (see [12]). Here we will present our most recent results from relative
perturbation of an invariant subspace (see [13, 11]).

In this paper we consider properties of the perturbation bounds for the spectral
projection of a Hermitian matrix H of order n. Our perturbation results generalized
some of the results of Veseli¢ and Slapnicar [14, 8, 7], and Ren-Cang Li [5].

Vesli¢ and Slapnicar consider norm-estimates of the eigenprojections correspond-
ing to one eigenvalue A (possibly multiple). We generalize these results on the
spectral projections corresponding to the set of the neighboring eigenvalues.

We will derive a bound for

dist(X, X) = ||Px — P3| = sinéy, (1)

where Py is an orthogonal projection on the subspace X', 6 is the greatest canonical
angle between subspaces X' and X’ (see [4] or [10]) and || - || is a standard 2-norm.

*The lecture presented at the MATHEMATICAL COLLOQUIUM in Osijek organized by Croatian
Mathematical Society - Division Osijek, May 31, 1996.
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We consider behavior of the invariant subspace X" spanned by eigenvectors cor-
responding to eigenvalues A, ..., A;+r under perturbation of the matrix H.
The perturbation matrix § H satisfies

|z*0H z| < na*|H]|z, n<1. (2)

Here all eigenvalues of the matrix H and H = H + dH are given in the same
increasing order, A\; < Ay < ... < A, and A < A <. < M.
Veseli¢ and Slapnicar [14] proved the following result for perturbation of eigen-
values: if
H=DAD, |H|=DAD, |H|=VH?,

where D is any scaling matrix, i.e. a positive definite diagonal matrix. The scaling
D is typically, but not necessarily of the standard form D = (diag(IHI))1/2. Then
(2) implies

1—ngA—j§1+n, za 1<j<nm, (3)
J

where A; and :\j are j — th eigenvalues of H and H = H + 6H, respectively. They
showed that for perturbations such as

|6H;;| < e|Hijl, (4)
the inequality (3) holds with
n=ell|All [A7"]| < 1. (5)

The perturbations (4) are called floating-point perturbations.

Let T be the set of the k + 1 neighbouring eigenvalues (some of them can be
mutually equal) T = {\;, Xit1, .oy itk }-

Our perturbation bound for (1) is given by

. i
et < 4 (3 (1) 2 )
1 (6)

T
rg(T)

1
rg(T) 1 —

where 1 < rg(T), provided that the right-hand side in (6) is positive.
The relative gap in (6) is defined by

(7)

rg(T) = min{ Ai = Ar AR = Ntk 1} )

i+ \/)\l")\Lr Ar + >\i+k’

Further, for a special kind of indefinite Hermitian matrices we can get a much
more accurate bound for norm-estimate of the spectral projection than in a general
case. This class includes positive definite Hermitian matrices as a special case.

Let X be the invariant subspace of the indefinite Hermitian matrix H corre-
sponding to the first £ + 1 positive eigenvalues 0 < A; < ... < Ajy. Let X be its
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perturbation. The perturbation bound for the sine of the greatest canonical angle
between X and X is in this case given by

(3 itk n 1 /7

. 2\/}\1' <\/>\ < AL,

28— Vi 122000 for S VAR S gVIAL
or 2v/ itk <VAg and

sinf, =|[0P]| < A doesn't exist,

VAitk n 1 /o
3\/m—2\//\i+k-1_2'77’ for 2/ Aisk < 3V AL

and Ar doesn't exist,

provided that the right-hand side is positive. Here the relative gap rg(7) is defined

by
VAR — V Aitk
rg(T) = ——F——;
VAR
where A\p = Aiyr41 (i.e. right neighbor of A\;yy).

For the positive definite Hermitian matrix H our approach gives a perturbation
bound with the same accuracy like Ren-Cang Li’s [5], or for simple eigenvalues like
Demmel and Veselié’s [3].

Also, we will show a perturbation bound for spectral projections of the factorized
Hermitian matrix

H=GJG",

where GG is an n xr matrix of the full column rank, and .J is a non-singular Hermitian
matrix, under the perturbation of the factor G. Our result is a natural extension
of those from Slapnic¢ar and Veseli¢ [14] on spectral projections corresponding to
eigenvalues from the set 7 = {\;, i1, ..., Aitk |- Like in [14], the perturbed matrix
H is defined by

H

GJ(G)* = (G +6G) J (G + 6G)*, (8)

where

160G || < nl|Gzl], 9)

for all z and n < 1. The most common J is of the form

Im O
=% ]

in which case m, r — m, and n — r is the number of the positive, negative and zero
eigenvalues of H, respectively.

As we can see in [8], the perturbation of the type (9) occurs, for example,
whenever GG is given with a floating-point error in the sense

|0G;;| < |Gyl for all i, .

Then (9) holds with
Vne

m <1, (10)

7’}:
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where G = B D and D is a non-singular diagonal scaling. As it is shown in [14], (8)
and (9) imply

(- < 3 <ty ()
k

where A, and ), are equally ordered eigenvalues of H and H, respectively.

Let X be an invariant subspace of H spanned by eigenvectors corresponding to
eigenvalues from the set 7.

Our perturbation bound for the sine of the greatest canonical angle between the
invariant subspace X and its perturbation X is given by

sinf; = [|6P] < 7( /\tk roa(m) T TZG(T) )

(12)
(14 IT . | S
(17220 L= o

Y

rgc(T). The relative gap rge(T) is defined by

where 77 = (2 + n), provided that the right-hand side in (12) is positive, i.e. 7 <

o AN=AL AR = A 1}
TgG(T)_mln{Ai"'>\L,3>\R_>\z’+k,3 ;

where A7, and A denote the left and the right neighbor of A\; and Ag, in the spectrum
o(H) of H, respectively (i.e. A\, = Xi—1, AR = Aiggy1, fori > 1, i+k <n—1).
If A (Ag) does not exist, then there does not exist a corresponding member in
definition of the relative gap rga (7).

Further, one can use results from the above theory to derive the perturbation
bound for a singular subspace of the matrix G. We will consider the perturbation of
the Hermitian matrix H = G G*, where G is an n X r matrix with the full column
rank. Let

H = (G +0G) (G +0G)*,

be a perturbed matrix, where

160G z|| < n |G =].

Our perturbation bound for the left singular subspace spanned by singular vec-
tors corresponding to the first k£ — 1 singular values has a form

. Ak < 1 > 7

sinf; = ||0P | < 1+ . —,

inf; = || < A — AL rga(T) 1 - —1__
rga(T)

where 77 = n- (2 + 1), provided that the right-hand side is positive. The relative gap
is here defined by

A= AL

AL

where Az, is the left neighbor of A in the spectrum o(H) of H (i.e. A = \g—1).

rga(T)
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Using the perturbation bound for a positive definite matrix and the fact that
eigenvectors of the matrix K = G*G are left singular vectors of the matrix G,
we will prove the perturbation bound for perturbation of a right singular subspace
corresponding to the last k£ + 1 singular values.

Finally, we will show an indefinite version of the additive perturbation Theorem
4.6 of Ren-Cang Li [5]. In [5] Ren-Cang Li gives several generalizations of perturba-
tion results from the standard perturbation theory of Devis and Kahan [2] and the
relative perturbation theory of Barlow and Demmel [1] and Demmel and Veseli¢ [3].
However, we obtain a perturbation bound for an invariant subspace corresponding
to the first k eigenvalues of an indefinite Hermitian matrix. Our bound is similar
to the bound of Ren-Cang Li [5], but we have a new gap.

Let H = D*AD and H = D* (A48A) D be two n xn Hermitian matrices, where
D is non-singular. Here we assume that A is non-singular and ||A=1]|||§ 4] < 1 and
that there exist & and d > 0 such that

max \; <a and min  A; > a+4.
1<i<k k+1<j<n
Then for any unitary invariant norm || - || and || - || Frobenius norm

A~ I8Al [IVILIV "l

VI-A=T[l6A] NewGap ’

where © is a matrix of canonical angles between the invariant subspace X spanned
by eigenvectors corresponding to the first k eigenvalues A1, ..., A and its perturba-
tion X (see [10]) and

[sin®|F <

A=\
NewGap = min |i7|
RRVAPYIRPY

Matrices V; and Vi are obtain by hyperbolic singular value decomposition and we
will not explain here their structure (see [6], [13]). It is worth mentioning that
|IVi|| [|V2|| is in practice very small. There is also theoretical uper bound for this
factor [9] but this bound is of the lesser importance for our application since the
actual values of ||Vi]|||Vz|| are in practice in many cases much lower than predicted
by this bound.

Using same approach one can easily prove a similar result for an indefinite Her-
mitian matrix H given in factorised form H = G J G*, perturbed by factor G, i.e.
H = G JG*, where G = G + 6G. Here we assume that G is a non-singular matrix
and J is a diagonal matrix with +1 on its diagonal.

Let X be a subspace spanned by eigenvectors corresponding to the first k eigen-
values of the matrix H. Let X be perturbation of X. Let a and § > 0 be such
that

(13)

max \; <a and min  A; > a+9,
1<i<k k+1<j<n

and let |G| - ||I6G]] < 1. Our perturbation bound for the sine of the greatest
canonical angle 6 is given by:
2[|GTHHISGI + NG II6G]1> 1
=[G lloG]] NewGap’
where NewGap is defined by (13).

sinfy <
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